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Abstract
In 2002, Chu and Tsao proposed a method to rank fuzzy numbers. They employed an area between the centroid and original
points to rank fuzzy numbers; however there were some problems with the ranking method. In this paper, we want to indicate
these problems of Chu and Tsao’s method, and then propose a revised method which can avoid these problems for ranking fuzzy
numbers. Since the revised method is based on the Chu and Tsao’s method, it is easy to rank fuzzy numbers in a way similar to the
original method.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
Since Jain, Dubois and Prade [1–3] introduced the relevant concepts of fuzzy numbers, many researches proposed
the related methods or applications for ranking fuzzy numbers. For instance, Bortolan and Degani [4] reviewed some
methods to rank fuzzy numbers in 1985, Chen and Hwang [5] proposed fuzzy multiple attribute decision making in
1992, Choobineh and Li [6] proposed an index for ordering fuzzy numbers in 1993, Dias [7] ranked alternatives by
ordering fuzzy numbers in 1993, Lee et al. [8] ranked fuzzy numbers with a satisfaction function in 1994, Requena
et al. [9] utilized artificial neural networks for the automatic ranking of fuzzy numbers in 1994, Fortemps and
Roubens [10] presented ranking and defuzzication methods based on area compensation in 1996, and Raj et al. [11]
investigated maximizing and minimizing sets to rank fuzzy alternatives with fuzzy weights in 1999. However, Chu
and Tsao [12] argued that some of these above methods are difficult to implement on grounds of computational
complexity, and others are counterintuitive or not discriminating enough. Besides, Chu and Tsao also considered that
many methods have different outcomes on the same problem. Thus they proposed a method of ranking fuzzy numbers
with an area between the centroid and original points.
Chu and Tsao’s method originated from the concepts of Lee, Li [13] and Cheng [14]. In 1988, Lee and Li proposed
the comparison of fuzzy numbers, for which they considered mean and standard deviation values for fuzzy numbers
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based on the uniform and proportional probability distributions. Then Cheng proposed the coefficient of variance (or
called CV index) in 1998 to improve Lee and Li’s method based on two comments presented as follows.
(a) The mean and standard deviation values cannot be the sole basis to compare two fuzzy numbers.
(b) It is difficult to rank fuzzy numbers, as higher mean value is associated with higher spread or lower mean value is
associated with lower spread.
Although Cheng overcame the problems from these comments and also proposed a new distance index to improve
the method [15] proposed by Murakami et al., Chu and Tsao’s still believed that Cheng’s method contained some
shortcomings. For instance, they illustrated a ranking example shown as below. For the two triangular fuzzy numbers
in their example, A = (0.9, 1, 1.1) and B = (1.1, 2, 3). Intuitively, A should be smaller than B. However, A is bigger
than B on the basis of the CV index. Furthermore, Cheng also proposed a distance method to rank fuzzy numbers for
improving the method of Murakami et al., and the distance method often contradicts the CV index on ranking fuzzy
numbers.
To overcome these above problems, Chu and Tsao proposed a method to rank fuzzy numbers with an area between
their centroid and original points. The method can avoid the problems Chu and Tsao mentioned; however, we find
other problems in their method. Thus we will propose a revision of ’ranking fuzzy numbers with an area between the
centroid and original points’ to improve the Chu and Tsao’s method.
For the sake of clarity, the related concepts of fuzzy theories are presented in Section 2. Chu and Tsao’s method
with an area between the centroid point and original point to rank fuzzy numbers is explicated in Section 3. Finally,
the problem and the revision of Chu and Tsao’s method are illustrated in Section 4.
2. Preliminaries
We review some basic notions of fuzzy sets [16–18] in this section. These notions are expressed as follows.
Definition 2.1. Let U be a universe set. A fuzzy set A of U is defined by a membership function µA(x) → [0, 1],
where µA(x), ∀x ∈ U , indicates the degree of x in A.
Definition 2.2. A fuzzy subset A of universe set U is normal iff supx∈U µA(x) = 1, where U is the universe set.
Definition 2.3. A fuzzy subset A of universe set U is convex iff µA(λx + (1− λ)y) ≥ (µA(x)∧µA(y)), ∀x, y ∈ U ,
∀λ ∈ [0, 1], where ∧ denotes the minimum operator.
Definition 2.4. A fuzzy set A is a fuzzy number iff A is normal and convex on U .
Definition 2.5. A triangular fuzzy number A is a fuzzy number with a piecewise linear membership function µA
defined by:
µA =

x − a1
a2 − a1 , a1 ≤ x ≤ a2,
a3 − x
a3 − a2 , a2 ≤ x ≤ a3,
0, otherwise,
which can be denoted as a triplet (a1, a2, a3).
Definition 2.6. A trapezoidal fuzzy number A is a fuzzy number with a membership function µA defined by:
µA =

x − a1
a2 − a1 , a1 ≤ x ≤ a2,
1, a1 ≤ x ≤ a2,
a4 − x
a4 − a3 , a3 ≤ x ≤ a4,
0, otherwise,
which can be denoted as a quartet (a1, a2, a3, a4).
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Definition 2.7. An extended fuzzy number A is described as any fuzzy subset of the universe set U with membership
function µA defined as follows:
(a) µA is a continuous mapping from U to the closed interval [0, ω], 0 < ω ≤ 1.
(b) µA(x) = 0, for all x ∈ (−∞, a1].
(c) µA is strictly increasing on [a1, a2].
(d) µA(x) = ω, for all x ∈ [a2, a3], as ω is a constant and 0 < ω ≤ 1.
(e) µA is strictly decreasing on [a3, a4].
(f) µA(x) = 0, for all x ∈ [a4,∞).
In these above situations, a1, a2, a3 and a4 are real numbers.
Definition 2.8. The membership function µA of the extended fuzzy number A is expressed by
µA =

µLA(x), a1 ≤ x ≤ a2,
ω, a2 ≤ x ≤ a3,
µRA(x), a3 ≤ x ≤ a4,
0, otherwise,
where µLA : [a1, a2] → [0, ω] and µRA : [a3, a4] → [0, ω].
Based on the basic theories of fuzzy numbers, A is a normal fuzzy number if ω = 1, whereas A is a non-
normal fuzzy number if 0 < ω < 1. Therefore, the extended fuzzy number A in Definition 2.8 can be denoted
as (a1, a2, a3, a4;ω). The image −A of A can be expressed by (−a4,−a3,−a2,−a1;ω) [19].
3. Chu and Tsao’s method
Chu and Tsao considered that the inverse function of µLA exists as µ
L
A: [a1, a2] → [0, ω] is continuous and strictly
increasing, and the inverse function of µRA exists as µ
R
A : [a3, a4] → [0, ω] is continuous and strictly decreasing. Then,
Chu and Tsao proposed the inverse functions gLA and g
R
A of µ
L
A and µ
R
A respectively. Since µ
L
A : [a1, a2] → [0, ω]
is continuous and strictly increasing, gLA : [0, ω] → [a1, a2] is also continuous and strictly increasing. Similarly,
µRA : [a3, a4] → [0, ω] is continuous and strictly decreasing, and thus gRA : [0, ω] → [a3, a4] is continuous and strictly
decreasing as well. In short, gLA and g
R
A are continuous on [0, ω], so
∫ ω
0 g
L
A and
∫ ω
0 g
R
A exist.
Chu and Tsao proposed a ranking method with an area between the centriod and original points based on µLA, µ
R
A,
gLA and g
R
A for fuzzy numbers. The centroid point of a fuzzy number corresponded to a value x¯ on the horizontal axis
and a value y¯ on the vertical axis. The centroid point (x¯(A), y¯(A)) of a fuzzy number A was defined as [14,15]
x¯(A) =
∫ a2
a1
xµLA(x)dx +
∫ a3
a2
xdx + ∫ a4a3 xµRA(x)dx∫ a2
a1
µLA(x)dx +
∫ a3
a2
dx + ∫ a4a3 µRA(x)dx
and
y¯(A) =
∫ ω
0 yg
L
A(y)dy +
∫ ω
0 yg
R
A (y)dy∫ ω
0 g
L
A(y)dy +
∫ ω
0 g
R
A (y)dy
,
where µLA and µ
R
A were left and right membership functions of A respectively, and g
L
A and g
R
A were inverse functions
of µLA and µ
R
A respectively.
The area between the centroid point (x¯(A), y¯(A)) and original point (0, 0) of the fuzzy number A was defined as
S(A) = x¯(A) · y¯(A),
where x¯(A) and y¯(A) indicate the distance values from the centroid point to original point on horizontal axis and
vertical axis for fuzzy number A.
Chu and Tsao ranked fuzzy numbers according to the area covered. The larger the area, the larger the fuzzy number.
By Chu and Tsao’s method, they had the following relations.
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(a) If S(A) > S(B), then A > B.
(b) If S(A) < S(B), then A < B.
(c) If S(A) = S(B), then A = B.
4. The problem and a revision of Chu and Tsao’s method
In this section, we first give a numerical example to present a problem of Chu and Tsao’s method. We assume that
there are two triangular fuzzy numbers R1 and R2, where
R1 = (1, 2, 3; 1)
and
R2 = (9, 10, 11; 0.1).
Obviously, R1 is smaller than R2. However, the ranking outcome by Chu and Tsao’s method is contrary to one’s
intuitions.
By Chu and Tsao’s method, we can calculate the centroid point of R1; that is,
x¯(R1) = 2
and
y¯(R1) = 0.5.
Thus the area of the fuzzy number R1 between the centroid point (x¯(R1), y¯(R1)) and original point (0, 0) is
S(R1) = 2× 0.5 = 1.
Similarly, we also compute the centroid point of R2 by Chu and Tsao’s method; that is,
x¯(R2) = 10
and
y¯(R2) = 0.05.
Thus the area of the fuzzy number R2 between the centroid point (x¯(R2), y¯(R2)) and original point (0, 0) is
S(R2) = 10× 0.05 = 0.5.
According to the computation of Chu and Tsao’s method, we know that R1 is bigger than R2 as S(R1) > S(R2).
However, R1 should be smaller than R2 intuitively. This is an obvious counter-example, in which Chu and Tsao’s
method leads to counter-intuitive results.
Chu and Tsao had even illustrated an unreasonable example in [12]. There were five fuzzy numbers in this example.
They are
T1 = (3, 5, 7; 1),
T2 = (3, 5, 7; 0.8),
T3 = (5, 7, 9, 10; 1),
T4 = (6, 7, 9, 10; 0.6)
and
T5 = (7, 8, 9, 10; 0.4).
By their method,
S(T1) = x¯(T1) · y¯(T1) = 5× 0.5 = 2.5,
S(T2) = x¯(T2) · y¯(T2) = 5× 0.4 = 2,
S(T3) = x¯(T3) · y¯(T3) = 7.714× 0.505 = 3.896,
S(T4) = x¯(T4) · y¯(T4) = 8× 0.3 = 2.4
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Fig. 1. The x¯(A) and y¯(A) of fuzzy number A.
and
S(T5) = x¯(T5) · y¯(T5) = 8.5× 0.2 = 1.7.
Then their method leads to the relation T5 = T2 < T4 < T1 < T3. However, T5 = T2 < T4 < T1 < T3 is wrong
according to the area between the centroid and original points. The order should be T5 < T2 < T4 < T1 < T3
by their method. Obviously, multiplying the value on the horizontal axis with the value on the vertical axis often
degrades the importance of the value on horizontal axis in ranking fuzzy numbers. In fact, the ranking order is still
not consistent with our intuitions. Intuitively, T5 = (7, 8, 9, 10; 0.4) should be bigger than T2 = (3, 5, 7; 0.8), or
T4 = (6, 7, 9, 10; 0.6) may be bigger than T1 = (3, 5, 7; 1); however, their ranks are otherwise determined by Chu
and Tsao’s method.
In the real world, we can illustrate many examples like the above situations again. The results derived by Chu
and Tsao’s method inconsistent with our intuitions about ranking fuzzy numbers. Chu and Tsao’s problem lies in the
computation of an area between the centroid and original points. The computation of an area between the centroid
and original points is x¯(A) · y¯(A) on a fuzzy number A. That is to say, the degree of importance of x¯(A) and y¯(A)
will be the same for ranking fuzzy numbers. However, x¯(A) and y¯(A) have different degrees of importance on a fuzzy
number A. For instance, the figure of fuzzy number A is presented as follows.
In Fig. 1, x¯(A) indicates the representative location of fuzzy number A on the real line, and y¯(A) presents
the average height of the fuzzy number. To rank fuzzy numbers, we know that the importance of the degree of
representative location is higher than average height. Based on this concept, a revision of Chu and Tsao’s method
is presented as follows. For any two fuzzy numbers A and B, we have following situations.
(a) If x¯(A) > x¯(B), then A > B.
(b) If x¯(A) < x¯(B), then A < B.
(c) If x¯(A) = x¯(B), then
if y¯(A) > y¯(B), then A > B;
else if y¯(A) < y¯(B), then A < B;
else y¯(A) = y¯(B), then A = B.
In short, we rank A and B based on their x¯’s values if they are different. In the case that they are equal, we further
compare their y¯’s values to form their ranks.
Further, if y¯(A) ≥ y¯(B) based on x¯(A) = x¯(B), then A ≥ B. The ≥ between A and B will satisfy a partial
ordering relation [20] on the fuzzy numbers shown as below.
Definition 4.1. Let ≥ be a binary relation on fuzzy numbers. Assume A and B to be two fuzzy numbers. A ≥ B iff
y¯(A) ≥ y¯(B) based on x¯(A) = x¯(B), then A is said to be bigger than or equal to B.
Lemma 4.1. ≥ is the partial ordering relation [20] on fuzzy numbers.
Proof. Let A and B be two different fuzzy numbers, and x¯(A) = x¯(B).
(1) ≥ is reflexive. Since A ≥ A iff y¯(A) ≥ y¯(A).
(2) ≥ is anti-symmetric. If A ≥ B(y¯(A) ≥ y¯(B)) and B ≥ A(y¯(B) ≥ y¯(A)) then A and B are indifferent
(y¯(A) = y¯(B)).
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(3) ≥ is transitive. Assume C to be another fuzzy number, and x¯(A) = x¯(B) = x¯(C). If A ≥ B and B ≥ C then
A ≥ C . Since y¯(A) ≥ y¯(B) and y¯(B) ≥ y¯(C), we can know that y¯(A) ≥ y¯(C).
It is obvious that ≥ satisfies the reflexive, anti-symmetric and Transitive properties. Thus ≥ is the partial ordering
relation on fuzzy numbers. 
To present the rationality and necessity of this revision of Chu and Tsao’s method, some examples proposed by
them are employed to compare the revised method with the initial one. These examples are described as follows.
In the first example, consider two triangular fuzzy numbers
B1 = (1.9, 2, 2.1)
and
B2 = (2.1, 3, 4).
Intuitively, the ranking order is B1 < B2.
By Chu and Tsao’s method,
S(B1) = x¯(B1) · y¯(B1) = 2× 0.5 = 1
and
S(B2) = x¯(B2) · y¯(B2) = 3.033× 0.4986 = 1.512,
so B1 < B2.
On the other hand, we can get the same outcome by our revised method.
x¯(B1) = 2
and
x¯(B2) = 3.033,
so B1 < B2.
In the second example, let
U1 = (0.2, 0.3, 0.5),
U2 = (0.17, 0.32, 0.58)
and
U3 = (0.25, 0.4, 0.7)
be three triangular fuzzy numbers.
By Chu and Tsao’s method,
S(U1) = x¯(U1) · y¯(U1) = 0.333× 0.4872 = 0.162,
S(U2) = x¯(U2) · y¯(U2) = 0.357× 0.4868 = 0.174
and
S(U3) = x¯(U3) · y¯(U3) = 0.450× 0.4857 = 0.219,
so U1 < U2 < U3.
Conversely, the images of the three fuzzy numbers are
−U1 = (−0.5,−0.3,−0.2),
−U2 = (−0.58,−0.2,−0.17)
and
−U3 = (−0.7,−0.4,−0.25).
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By Chu and Tsao’s method,
S(−U1) = x¯(−U1) · y¯(−U1) = (−0.333)× 0.4872 = −0.162,
S(−U2) = x¯(−U2) · y¯(−U2) = (−0.357)× 0.4868 = −0.174
and
S(−U3) = x¯(−U3) · y¯(−U3) = (−0.450)× 0.4857 = −0.219,
so −U1 > −U2 > −U3.
Chu and Tsao supposed that the three fuzzy numbers and their images have ranking consistency with their method.
On the other hand, we rank these fuzzy numbers with our revised method.
x¯(U1) = 0.333,
x¯(U2) = 0.357
and
x¯(U3) = 0.450,
so U1 < U2 < U3.
Conversely,
x¯(−U1) = −0.333,
x¯(−U2) = −0.357
and
x¯(−U3) = −0.450,
so −U1 > −U2 > −U3.
We now know that the two ranking outcomes with the revised method are as the same as the above situations
derived by Chu and Tsao’s method.
In the third example,
A1 = (0.4, 0.5, 1),
A2 = (0.4, 0.7, 1)
and
A3 = (0.4, 0.9, 1)
are three triangular fuzzy numbers.
By Chu and Tsao’s method,
S(A1) = x¯(A1) · y¯(A1) = 0.633× 0.472 = 0.299,
S(A2) = x¯(A2) · y¯(A2) = 0.7× 0.5 = 0.35
and
S(A3) = x¯(A3) · y¯(A3) = 0.767× 0.521 = 0.4,
so A1 < A2 < A3.
Conversely, the images of the three triangular fuzzy numbers are −A1, −A2 and −A3.
By Chu and Tsao’s method,
S(−A1) = x¯(−A1) · y¯(−A1) = (−0.633)× 0.472 = −0.299,
S(−A2) = x¯(−A2) · y¯(−A2) = (−0.7)× 0.5 = −0.35
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and
S(−A3) = x¯(−A3) · y¯(−A3) = (−0.767)× 0.521 = −0.4,
so −A1 > −A2 > −A3.
On the other hand, we rank these fuzzy numbers with the revised method.
x¯(A1) = 0.633,
x¯(A2) = 0.7
and
x¯(A3) = 0.767,
so A1 < A2 < A3.
Oppositely,
x¯(−A1) = −0.633,
x¯(−A2) = −0.7
and
x¯(−A3) = −0.767,
so −A1 > −A2 > −A3.
The ranking outcomes are as the same as above situations derived by Chu and Tsao’s method as well.
According to the above examples, we know that revised method is simpler than Chu and Tsao’s method for ranking
fuzzy numbers. The two methods have the same ranking results on these examples. Besides, the revised method can
overcome the shortcomings of Chu and Tsao’s method. We utilize the revised method to rank fuzzy numbers in the
examples with the inconsistency problems we mentioned above.
In the previous one,
R1 = (1, 2, 3; 1)
and
R2 = (9, 10, 11; 0.1).
Intuitively, R1 should be smaller than R2.
By the revised method,
x¯(R1) = 2
and
x¯(R2) = 10,
so R1 < R2.
The ranking order is consistent with our intuitions.
In another one,
T1 = (3, 5, 7; 1),
T2 = (3, 5, 7; 0.8),
T3 = (5, 7, 9, 10; 1),
T4 = (6, 7, 9, 10; 0.6)
and
T5 = (7, 8, 9, 10; 0.4).
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By the revised method,
x¯(T1) = 5,
x¯(T2) = 5,
x¯(T3) = 7.714,
x¯(T4) = 8
and
x¯(T5) = 8.5.
Since x¯(T1) = x¯(T2), we have to compare y¯(T1) with y¯(T2), where
y¯(T1) = 0.5
and
y¯(T2) = 0.4.
Thus we know that T2 < T1 < T3 < T4 < T5. Obviously, the ranking order is more reasonable than the outcome
when ranked with Chu and Tsao’s method. To sum up, our revised method is reasonable and effective for ranking
fuzzy numbers according to the above examples.
5. Conclusion
In this paper, we improved Chu and Tsao’s method and presented a revised method. The revised method has two
advantages in comparing it with Chu and Tsao’s method. The first advantage is that the revised method is simpler than
original one computationally. The second advantage is that the ranking order of the revised method is more consistent
with our intuitions than original one. Thus, utilizing the revised method is more reasonable than using Chu and Tsao’s
method for ranking fuzzy numbers. Further, representative location is more important than average height for ranking
fuzzy numbers. The revised method demonstrates the difference between location and height. This is the strength of
the revised method. Thus, the method is superior to Chu and Tsao’s method. Chu and Tsao’s method improved the
distance method of Cheng. The revised method includes all the situations of Chu and Tsao’s method, so it improves
the distance method of Cheng as well.
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